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Abstract. Motivated by recent measurements on Mg clusters we discuss the electronic structure and shell
closures of these type of systems in the framework of self-consistent mean fields derived from density-
functional theory. The ionic background is treated at different levels of refinement: spherical jellium model,
and the spherically-averaged-pseudo-potential scheme (SAPS) with local as well as non-local pseudo-
potentials. The ionic positions in SAPS are optimized using a Metropolis simulated annealing. It is shown
that the details of ionic background influence sensitively the electronic levels sequence near the Fermi
energy. In particular, the non-local effects from the pseudo-potential change the relations between states
with high and with low angular momentum. Some of these effects go into the right direction towards
experiment.

PACS. 31.70.-f Effects of atomic and molecular interactions on electronic structure – 36.40.Cg Electronic
and magnetic properties of clusters

1 Introduction

The appearance of magic numbers due to electronic shell
closures is a key feature in the physics of metal clusters
since its very beginnings [1]. A wealth of studies have been
devoted to that effect, particularly for monovalent simple
metals — for reviews see [2,3]. The typical sequence of
magic shell closures for Na clusters is for electron num-
bers Nel = 8, 20, 40, 58, and 92 with a hint of sub-shell
closure at 34. Just recently, new experimental information
has shown up on shell closures in Mg clusters [4]. Peaks
in the abundances indicate shell closures at Nel = 20,
40, 60, 70, 80, and 94. The results are surprising because
they deviate from the magic sequences which had been ob-
tained from monovalent simple metals and because they
cannot be reproduced easily with the simple jellium mod-
els which had been successful previously. The experimen-
tal paper [4] proposes an interpretation with a spherical
shell model where high angular momentum states are bet-
ter bound and dive through their companion states with
lower l. It is the aim of this paper to discuss these exper-
imental findings from a theoretical perspective. We want
to explore the possibilities of a description in terms of
spherical mean fields. We minimize arbitrariness by con-
sidering only self-consistent mean fields in the framework
of density functional theory.
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The theoretical description of electronic shell closures
in metal clusters has a long history. The gross trends
are already very well reproduced by the simple jellium
model [5]. This first version used a steep fall off for the
jellium density distribution. A softened surface transition
yields more realistic results for several observables [6]. It
does also influence the sequence of shell closures for large
clusters [7]. But the ad hoc modeling within the jellium
model quickly introduces too many free parameters. An
unambiguous approach is provided by the use of pseudo-
potentials in the context of density-functional theory. For
metals, it suffices to restrict considerations to the va-
lence electrons only and to use then pseudo-potentials for
the interaction between valence electrons and ions. The
necessary density functionals and pseudo-potentials are
developed independently using information from the elec-
tron gas, from bulk material and from atoms. The ap-
proach thus contains no free parameters any more. There
exist already several fully fledged density-functional cal-
culations for Mg clusters [8–10]. These are, however, ex-
tremely demanding and thus limited to small systems go-
ing up to N = 13 in [8,9] and showing Mg35 in [10]. In
order to extend such parameter-free approaches to larger
systems, symmetry restricted methods have been devel-
oped. Most efficient is the spherically averaged pseudo-
potential scheme (SAPS) which deals with detailed ions
in full three-dimensional space but uses spherically aver-
aged mean-fields for the interaction with the electrons [11].
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This scheme was also very successful in reproducing the
magic shells observed for monovalent simple metals [12].

In its initial formulation the pseudo-potentials that en-
tered the SAPS model were of a local type, partly be-
cause of their simpler structure and, also, because for sim-
ple metals it is known that non-local effects are rather
small. Nevertheless, further refinements of the theoretical
models necessarily require the use of realistic electron-ion
interactions of a non-local nature. Extensions of the jel-
lium model to account for non-local effects in Li clusters
have been presented in references [13–15]. It is the aim of
this paper to study the shell closures in Mg clusters us-
ing SAPS. This limits, of course, considerations to spher-
ical systems. But this restriction is no hindrance for the
present study because we are anyway after spherical shell
closures. In addition, we shall use both local and non-local
pseudo-potentials, in order to assess the relevance of the
latter for Mg clusters.

2 Formal framework

Within the SAPS model the external field on the valence
electrons is obtained by spherically averaging the contri-
bution from each ion. This reads, e.g., for a local pseudo-
potential

Vext(r) =
Nion∑
i=1

1
4π

∫
dΩi v(i)

ps (|r−Ri|) , (1)

where v(i)
ps corresponds to the ion at position Ri and dΩi is

the angular element of Ri. The more involved case of non-
local pseudo-potentials is discussed in [15]. At first sight
this might seem a rather crude approximation. However
it becomes more sensible when realizing that for certain
ionic distributions a sum over ions actually implies an ap-
proximate spherical average as happens, of course, when
ions arrange themselves in nearly radial shells. The im-
posed rotational invariance allows us to separate the an-
gular parts Y`m(θ, φ) of the single electron wave functions
and to remain with an effective one-dimensional problem
(the radial equation) for the radial parts Rn`(r).

In the literature there exist different kinds of pseudo-
potentials that could be used in equation (1); see, e.g.,
references [16–18]. The most refined are the non-local ones
whose quality is guaranteed by the properties of orthog-
onalization to core states and norm conservation of the
corresponding pseudo-wavefunctions with respect to the
exact ones. Another important issue is the transferabil-
ity of the pseudo-wavefunctions, which assures that their
radial slopes at the core radius are correctly reproduced
and, therefore, they can be used in different chemical envi-
ronments. In this work we shall use the pseudo-potentials
developed by Bachelet, Hamann and Schlüter which, by
construction, fulfill all these properties [18].

Ab initio pseudo-potentials, such as those of refer-
ence [18], are by construction non-local because the deep-
lying shells are simply projected out. One can often de-
velop simpler potentials if one is not interested on the
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Schlüter [18], v
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details of the electronic wavefunction near the ionic cores.
Particularly simple metals often allow to deal with purely
local pseudo-potentials. A typical example is the always
friendly Na (while a counterexample is its close rela-
tive Li) [13–15]. Thus we want to check the features of
the Mg clusters when employing a local pseudo-potential.
Once a local description is found to be sufficient, one could
derive the necessary properties of a jellium model for that
case. There is no local pseudo-potential for Mg readily
available in the literature. We thus have developed a new
pseudo-potential following the strategy of [19]. We employ
a soft shape in terms of error functions (in atomic units),

vLoc
ps (r−RI) =

∑
i=1,2

ci
erf
(
|(r−RI)|/

√
2σi
)

|r −R| , (2)

where erf(r) =
∫ r

0 dr′ exp
(
−r′2/2σ2

i

)
. A boundary condi-

tion is c1 + c2 = 1. There remain three parameters, c2, σ1

and σ2. The fitting strategy is similar as in [19]. We ad-
just the parameters to reproduce basic properties of the
Mg atom (ground state energy and first excited state) and
of the bulk (Wigner-Seitz radius rs = 2.66 a0). Fitting the
two extremes of atom and bulk delivers fair properties
for systems of intermediate size. We find the parameters
σ1 = 0.42466 a0, σ2 = 0.84932 a0, and c2 = 3. The spher-
ical averaging of that simple form is straightforward. We
skip the details here and will only show in Figure 1 the
radial dependence of the local v(Loc)

ps and non-local v(NL)
ps

pseudo-potentials (the latter depending on the multipolar-
ity L of the atomic electron). We notice that the non-local
pseudo-potential is strongly repulsive in the core region for
s electrons and attractive for L ≥ 1. The local approxi-
mation obviously amounts to a compromise between the
two rather different behaviors for L = 1 and L ≥ 1.

Having determined the external potential to be used
the remaining electronic contributions are described
within the local-spin-density approximation (LSDA) to
density functional theory. This approach has been exten-
sively used to describe a variety of non-uniform electronic
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Fig. 2. Single electron spectra for spherical Mg clusters com-
puted in the SAJM for Wigner-Seitz radius rs = 2.66 a0 and
subsequent Ashcroft core radius rc = 1.33 a0 [23]. Occupied
and unoccupied levels for each size are separated by the solid
line, which corresponds to (εHOMO + εLUMO)/2. Open shell
configurations are indicated by open circles.

systems and we shall refer the reader to reference [3] for
a review on its use in the context of cluster physics. It
is worth to mention, nevertheless, that we have employed
the parameterization by Perdew and Zunger [20] of the
exact Monte Carlo results for the bulk gas obtained by
Ceperley and Alder [21].

The ionic positions in the ground state of a given clus-
ter have been determined by a simulated annealing with
the Metropolis algorithm (see, e.g., Ref. [22]). This scheme
implies an efficient exploration of the configuration space
in the process of total energy minimization. Besides the
standard electron-electron terms, the total energy contains
the ion-electron Eie and ion-ion Eii energies. The former
is given in terms of the electronic orbitals ϕi and external
field as

Eie =
Nel∑
i=1

〈ϕi|Vext|ϕi〉 , (3)

while the ion-ion contribution to the total energy can be
obtained from the classical expression for point charges

Eii =
Nion∑
i>j

Z2
v

|Ri −Rj|
(4)

where Zv is the ionic valence.

3 Results and discussion

3.1 A preview in the jellium model

The first level of approach is the jellium model. From the
various options we consider here the structure averaged
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Fig. 3. Same as Figure 2 for spherical Mg clusters com-
puted in SAPS with the non-local pseudo-potential of Bachelet,
Hamann and Schlüter (BHS-PsP) [18].

jellium model (SAJM) which determines the softness of
the jellium surface from local pseudo-potentials and which
contains global information on the underlying ionic struc-
ture [23]. Figure 2 shows the single electron spectra for
the expected spherical clusters. We remind the reader that
only the valence electron orbitals are considered. They ex-
tend over the whole cluster and can be sorted with the
standard atomic notation (e.g., “1s” for the lowest state
with angular momentum l=0). We read off from Figure 2
the sequence of magic shell closures Nel = 8, 20, 40, 70.
The Nel = 8 is not supported by experiment. It seems that
ionic structure effects and/or lack of metallicity prevails
for this small cluster. The shells Nel = 20, 40, and 70 come
out as found in experiment. The SAJM thus reproduces
correctly the loss of the Nel = 58 shell (which was well
developed in Na clusters) in favor of the 70. But it fails
to reproduce the experimental Nel = 60, 80 and 94 shell
closures.

3.2 Local versus non-local pseudo-potentials

In order to explore the capabilities of a spherical descrip-
tion, we proceed to the most consistent treatment as given
by SAPS. We have computed the structure of several Mg
clusters up to Nion = 46 using SAPS with the non-local
pseudo-potential of reference [18] and alternatively with
a local pseudo-potential of the form as given in [19] and
parameters especially adjusted to the case of Mg, see pre-
vious section. Only those clusters with an electronic shell
closure at the level of SAPS are considered. The results
with non-local pseudo-potentials are shown in Figure 3.

As is the SAJM the shell sequence resembles at first
glance the spectrum in a spherical square well potential
(i.e., 1s, 1p, 1d, 2s, ...). We thus observe in the first stages
the standard sequence of magic numbers, (2), 8, 20, 34, 40,
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as it is well-known from monovalent simple metals [1–3].
A new feature amongst small clusters is the appearance
of a magic Nel = 10 sub-shell closure. Systematic changes
come up for larger clusters. We see the shell at Nel = 58
which is standard in Na clusters and which was absent in
the SAJM for Mg is identifiable here, but it is degraded
and a new shell closure follows immediately at Nel = 60.
The Nel =70 shell which was already found in the SAJM
persists while the Nel = 92, well-known from Na clusters
but absent in SAJM and experiment, is enhanced. In the
experiment this latter shell occurs at Nel = 94 instead
of 92.

We have compared the spectra of Figure 3 with those
of previous full 3D calculations. For the small clusters, we
find very good agreement for Mg10 and acceptable results
for Mg5 and Mg4 [9]. Our spectrum for Mg35 agrees sur-
prisingly well with that from [10] although the ionic shape
is more spherical in SAPS.

A question is now to what extent the non-localities
of the pseudo-potential play a role. To answer this ques-
tion, we have performed similar SAPS calculations with
a purely local pseudo-potential. The results are shown in
Figure 4. At first glance, they look much similar. More
detailed inspection, however, shows interesting differences
in the relations between neighboring shells. There is a
marked difference already for the small Nel =10 cluster. It
is magic for the non-local pseudo-potential (see previous
figure) and non-magic here. The non-locality manifests es-
pecially in the cluster s states, adding an extra piece of
attraction. Such an extra bit makes a large effect in cases
of near degeneracy. A similar effect is seen in the 1g–2d–3s
shell where the downshift of the 3s state gives rise to the
new shell closure at Nel = 60, not seen with the local po-
tential. The extra attraction on the s states has an effect
already for the small Nel = 18. We have a shell closure
with the local potential which disappears completely with
the non-local one.

An extra attraction from the non-local part also affects
to some extent the subsequent low l states. Looking at the
relation between the 1f and the 2p orbitals, we notice that
the local potential produces a large gap between these two
shells giving rise to a well developed magic Nel =34. The
non-local potential, however, drives the 2p state closer to
the 1f state which almost wipes out that shell closure. The
revival of the Nel = 70 is also seen with the local pseudo-
potential but not as pronounced as with the non-local one.
It is obviously a mix of effects, coming already from the
different radius and surface properties, as compared to al-
kali clusters, and being enhanced by the non-locality. The
case Nel = 92 is well magic in both approximations al-
though non-locality also manifests in the level scheme. In
particular we notice that the HOMO level is 1h in non-
local SAPS, while for the local approach it is 3s due to its
less binding. It is to be remarked that the Nel = 92 shell
was absent in the SAJM, see Figure 2, thus showing the
importance of ionic structure versus a smoothened back-
ground.

Comparing the last three figures, we see an interesting
difference between the SAPS results, Figures 3 and 4, and
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Fig. 4. Same as Figure 2 with the local pseudo-potential as
described in Section 2.

the SAJM, Figure 2. Although the level schemes within
one given cluster are generally similar, the SAPS results
show more fluctuations in the trends versus system size
due to the combined electronic and ionic structures. This
is particularly pronounced for the step to Mg46. It is to
be noted that our calculations are done practically at zero
temperature. Thus we see here most probably an effect of
ionic structure, which is of course absent in the SAJM.

Finally, it is interesting to test to what extent a possi-
bly positive net charge of the clusters would affect the re-
sults. We have checked that for a doubly charged Mg++

36 in
comparison with the neutral Mg35, both having the same
Nel = 70. The overall binding is of course increased, but
the relative level ordering remains unchanged. The results
concerning electronic shell closures are thus robust.

3.3 A first summary

We now give a brief summary of the findings from Fig-
ures 2, 3, and 4 corresponding to SAJM, SAPS with non-
local pseudo-potentials, and local SAPS. All three models
predict the low shell closures 2, 8, 20, and 40. The small-
est, 2 and 8, are not seen experimentally, probably because
metallicity has not yet been well developed. The non-local
SAPS produces also a magic Nel = 10. This hints already
that local versus non-local effects can play a crucial role in
determining the details of shell closures. Similarly, there is
a visible difference between local and non-local SAPS con-
cerning the sub-shell closure atNel =10. Larger differences
develop for larger clusters. The SAJM has no Nel =58 shell
(here in accordance with data) while both SAPS models
show it more or less. Only the non-local SAPS produces a
Nel = 60 shell as seen in experiment. All models agree on
producing the Nel =70 in accordance with data. The lead-
ing mechanism here is simply the smaller Wigner-Seitz ra-
dius (rs = 2.66 a0) as compared to Na clusters (rs = 4 a0).
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Fig. 5. Radial distribution of electrons (dashed line) and ions
(collected in radial bins) for the set of spherical Mg clusters
computed with SAPS using the the non-local pseudo-potential
of [18].

All spherical models fail to find the experimental Nel =94
shell. There is a Nel = 92 shell in both SAPS while the
SAJM has no shell closure in that region. The difference
between the models is here driven by ionic structure ef-
fects.

Altogether, these examples have also shown that non-
localities can induce differences in the sequence of magic
shell closures. This effect is very pronounced for the ex-
ample of Mg and has never been observed so distinctively
for the monovalent simple metals as, e.g., Na or K. From a
theoretical point of view, the non-local SAPS is the most
consistent of the spherical models. In practice, it produces
the sequence Nel = (8), 10, 20, (34), 40, (58), 60, 70, and
(92), which is only in partial agreement with experiment.
The numbers in brackets are not found in experiment (also
weak closures in theory) and the experimental 80 and 94
seem out of the scope of any one of the present models.
This could be a deficiency of the spherical averaging over
ionic structure or due to the occurrence of massively de-
formed shell closures. This has yet to be checked with sym-
metry unrestricted structure optimization which is very
hard to do for such large clusters.

3.4 More details

For complementing the analysis it is interesting to look
briefly at the spatial distribution of electrons and ions.
The electrons are presented simply in terms of the radial
density distribution ρ(r). The ions are given in terms of
detailed positions {Rn, n=1, ..., Nion}. The key feature in
SAPS is their distance Rn = |Rn| from the center. We
collect that in radial bins to produce a distribution which
can be compared with the electronic density. The results
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Fig. 6. Same as Figure 5 using the the local pseudo-potential
as described in Section 2.

for the non-local SAPS are shown in Figure 5. The ions
arrange nicely in radial shells, one shell for the smaller and
two shells for the larger clusters shown here. The electronic
densities hint also radial shells which develop in parallel to
the ionic shells. But it seems as if the electronic maxima
rather avoid the ionic shells. The same figure for the local
SAPS is shown in Figure 6. The ionic shells look much
similar as before. But now the electronic maxima follow
more closely the ionic shells. The comparison thus demon-
strates the spatial repulsion of electrons out of the vicinity
of the ionic cores. This difference in ion-electron interac-
tion causes a visible difference of electronic distributions
although the ionic distributions are very similar.

A closer look at the differences between local and non-
local potentials is taken in Figure 7 for Mg30, a case in
which the non-local pseudo-potential delivers electronic
shell closure while the local one does not. For better com-
parison, and in order to eliminate biases linked to slight
differences in the ionic structures obtained with local and
non-local pseudo-potentials, we consider one and the same
ionic configuration in both cases and take that from the
non-local model. The electronic densities agree globally.
But note again the slight reduction of ρNL around the ionic
positions. That is due to the projection of the 1s state in
the non-local pseudo-potential. A complementing compar-
ison of the single electron spectra is shown in the lower
panel of Figure 7. The deep lying levels are similar. But
there is a marked difference for the three levels around the
Fermi surface. This group is almost degenerate for the lo-
cal potential causing Mg30 to be non-magic while leaving
a large magic gap for Mg29. This test case with fixed ion
configuration thus demonstrates that the strong effect on
the single electron spectra is exclusively due to the non-
locality of the pseudo-potential and not to an ionic effect.
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Fig. 7. Comparison of non-local (NL) and local (Loc) results
for a fixed ionic distribution corresponding to Mg30. Upper
panel shows the electronic densities while lower ones display
the energy level schemes. The dashed line denotes the Fermi
energy.

Figure 8 finally compares the global geometries of the
“local” and “non-local” clusters in terms of electronic and
ionic r.m.s. radii. The ionic radii stay very close to each
other. The electrons show slightly more differences where
the radii are generally larger for the non-local case. This
is a side-effect of the suppression of density near the ionic
centers (see the preceding figure). Nonetheless, the differ-
ences in global properties are small throughout. It is just
the more detailed single electron structure which reacts
more sensitively to non-localities.

4 Conclusions

The electronic shell closures of Mg clusters with Nion < 50
have been investigated within density functional and
ab initio pseudo-potential theory. We concentrated on
spherical systems and used a spherical jellium model as
well as a spherically averaged pseudo-potential scheme
(SAPS) with Monte-Carlo optimization of ionic structure.
A non-local ab initio pseudo-potential is used and alter-
natively also a local pseudo-potential in order to assess
clearly the effects of non-locality. There are sizeable effects
from non-locality and from ionic structure. The electronic
density at ionic positions is reduced by projection. More
importantly, there is a re-shuffling of electronic levels near
the Fermi surface which has strong impact on the sequence
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Fig. 8. Ionic and electronic root-mean-square radii of Mg clus-
ters within the SAPS model. Circles and squares correspond to
electronic and ionic distributions, respectively. Solid and open
symbols indicate the non-local and local results, respectively.

of magic shell closures. Besides the standard shell closures
for Nel = 8, 20, 40, 58 and 92 we have also found enhanced
closures at 34, 60 and 70. These findings are in partial
agreement with experimental evidence. The Nel = 34, 58
and 92 are not seen in the data while theory misses the
pronounced experimental Nel = 80 and 94 shells. It could
be a deformed shell effect or a three-dimensional struc-
tural effect which both are invisible in SAPS. This case
needs yet further investigation.
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17. D.R. Hamann, M. Schlüter, C. Chiang, Phys. Rev. Lett.
43, 1494 (1979).

18. G.B. Bachelet, D.R. Hamann, M. Schlüter, Phys. Rev. B
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